
Rapid
t may be
rticles is

PHYSICAL REVIEW E JANUARY 1997VOLUME 55, NUMBER 1
BRIEF REPORTS

Brief Reports are accounts of completed research which do not warrant regular articles or the priority handling given to
Communications; however, the same standards of scientific quality apply. (Addenda are included in Brief Reports.) A Brief Repor
no longer than four printed pages and must be accompanied by an abstract. The same publication schedule as for regular a
followed, and page proofs are sent to authors.
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Using the equations of self-consistent charge dynamics for the grain charge fluctuations, electron plasma
oscillations in a dusty plasma are studied. It is shown that the instability in longitudinal plasma oscillations
disappears if the self-consistent grain charge dyanmics is taken into account. The relation of this result with
previous work is discussed.@S1063-651X~97!08901-0#

PACS number~s!: 52.25.Mq, 52.25.Fi, 52.35.Fp
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The physics of dusty plasma has recently been under
tensive investigations due to applications in space plasm
interstellar environment, laboratory plasma devices, etc.~for
a recent review see Ref.@1#!. In many diverse physical sys
tems, one may often encounter a situation where hig
charged massive grains of submicrometer to microm
size, immersed in a plasma environment. A grain in a plas
can acquire a net electric charge due to various physical
cesses such as its collisions with the other plasma part
and photoionization. Collective effects due to the dust gra
become important if the intergrain spacing is much less t
the plasma Debye length. Such a plasma is called a d
plasma. The collective behavior of dusty plasmas has b
investigated by many workers~e.g., see Refs.@2–6#! by
treating the mass and the charge of the dust grains as
stant and uniform. It is found that the presence of mass
and highly charged low-density grains can introduce n
length and time scales in the plasma. It should be stres
that such studies are qualitatively very similar to those
negative-ion plasmas.

However, in a realistic situation, the charge on the d
grains may not be constant, but varies with wave moti
Since the current falling on the dust grain surface fluctua
due to the collective wave motion, the grain charge also fl
tuates with it. This feature of the dusty plasma can mak
qualitatively different from a negative-ion plasma. Howev
the studies investigating the effects of dust charge variat
on the plasmas’ collective behaviors have only recently
gun @7–15#. It is found that the charge-varying dust grai
can provide a dissipative background in the plasma. T
may cause the damping of the normal modes in dusty p
mas and in some circumstances introduces instability rel
to the dissipative background.

The effect of the grain charge variations on the acou
branch of the dusty plasma dispersion relation is reason
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well understood and rests on a firm footing. However,
effect on the high-frequency branch, i.e., on the longitudi
waves, is not well understood yet. There remains uncerta
about the nature of Langmuir waves in the presence of
grain charge fluctuations. In particular, various studi
within the framework of both fluid theory and kinetic theor
predict the instability of longitudinal plasma oscillations r
lated with the grain charge fluctuations@13,14#. But the ori-
gin and the nature of the instability remain unclear. In su
studies, the dust charge dynamics have been treated in aad
hoc fashion and in the absence of the quasineutrality it m
be inconsistent with the charge conservation@15#. A proper
formulation of the self-consistent charge dynamics was
cently done by Bhatt and Pandey@15# within the fluid theory
framework. In such a formulation, sink terms are required
the electron and ion number continuity equations and
appropriate friction terms in the equation of motion to co
ply with the conservation laws. For the instances when
charge dynamics is treated in anad hoc fashion no such
additional terms are included in the dynamical equations
the present paper, I apply the self-consistent charge dyn
ics to study the longitudinal plasma oscillations. It will b
shown in what follows that longitudinal plasma oscillatio
are damped when the full self-consistent charge dynamic
taken into account. In the absence of any additional term
the dynamical equations, all the previous results indicat
the instability of Langmuir waves can be recovered. Fina
the reasons for such instability will be discussed.

Basic linearized equations for the number conservation
the electron (e), ion (i ), and dust (d) fluids are

] tne11¹W •~ne1VW e01ne0VW e1!52be0ne12be1ne0 , ~1!

] tni11¹W •~ni1VW i01ni0VW i1!52b i0ni12b i1ni0 , ~2!

] tnd11¹W •~nd1VW d01nd0VW d1!50, ~3!
1166 © 1997 The American Physical Society
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where the subscripts 0 and 1 are used to denote equilib
and perturbed quantities, respectively.na ,Va

W (a5e,i , or
d) are, respectively, the number density and velocity
ath species, whereasbe andb i denote attachment frequen
cies of the electrons and ions to the dust. The right-h
sides of Eqs.~1! and~2! describe the loss in the electron an
ion densities. The attachment frequency of the the electr
~ions! may vary due to the change in the electron~ion! cur-
rent falling on the dust grains and also due to the chang
the electron~ion! and the dust grain densities. This results
the presence of two terms on the right-hand sides of Eqs~1!
and ~2!. The dust charge variation equation is then obtain
from the charge conservation equation

] tQd11VW d0•¹W Qd152
e

nd0
@~be0ne11be1ne0!

2~b i0ni11b i1ni0!#. ~4!

The equations of motion for the electron, ion, and dust flu
are

mana
dVW a

dt
52¹W Pa1qanaEW 2manaba~VW a2VW d!, ~5!

mdnd
dVdW

dt
5QdndEW 1Samanaba~VW a2VW d!, ~6!

wherema (a5e,i ) is the mass of the speciesa. Poisson’s
equation is

¹W •EW 54pe~ni2ne!14pQdnd . ~7!

Equations~1!–~7! can be closed by choosing the appropria
equation of state and relating the electron~ion! attachment
frequenciesba1, a5e or i , to the other known physica
quantities. The perturbations in the attachment frequen
may be computed by using the kinetic theory arguments.
‘‘average’’ perturbations in the attachment frequencies
be defined as

ba15
*na1~v ! f a0dv

* f a0dv
, ~8!

wheref a0 is the equilibrium distribution function of the elec
tron (a5e) or the ion (a5 i ) andna1(v) is the microscopic
attachment frequency of the electron or ion with the du
from Vladimirov @12#, and is given by

na1~v !5E sav f d1dq. ~9!

Heresa is the electron~ion! charging cross section with th
dust and is defined as

sa5pa2S 12
2eaq

amav
2D ~10!

if 2eaq/amav
2,1 andsa50 if 2eaq/amav

2>1. ma is the
electron or ion mass.a is the radius of the grains andq is the
charge of the dust particles.f d1 is the perturbed distribution
function of the grains. For the high-frequency response o
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dusty plasma, the spatial or velocity distribution of the du
grains may not change very much over the time scales
interest. The perturbations in the distribution function s
may arise due to the charge variation and can be written

f d15nd0@d~q2Qd02Qd1!2d~q2Qd0!#, ~11!

where Qd052eZd is the equilibrium value of the grain
charge.Qd1 is the macroscopic fluctuation in the gra
charge value andQd1!uQd0u. Using Eqs.~10! and ~11!,
na1(v) can readily be evaluated as

na15S paend0
ma

D Qd1

v
. ~12!

Further, takingf a0 as Maxwellian, i.e.,

f a05S ma

2pkTa
D 3/2expF2

2mav
2

kTa
G ,

and using Eq.~12!, one can get from Eq.~8!

ba152AS 2p

makTa
Daend0Qd1 . ~13!

This relation, together with the equation of state, closes
system of equations~1!–~7!. It can be seen from Eq.~13! that
when electron and ion temperatures are compara
b i1!be1. As already mentioned, the aim of this paper is
study the longitudinal plasma oscillations; the dust and
are regarded as stationary fluids withVi1 ,Vd15 0 and
nd15 0. The perturbations in the ion density can be n
glected from the charge dynamics equation ifb i1!be1 and
thus the ion current may not contribute in the charging p
cess over the time scale of longitudinal plasma oscillatio
Thus Eqs.~2! and ~3! are dropped. The charge dynami
equation and the equation of motion of the electrons can
written as

] tQd152
e

nd0
~be0ne11be1ne0!, ~14!

mene0
dVW e1

dt
52ene0E1

W2¹W Pe12mene0be0VW e1

2mene1be1VW e02mene1be0VW e0 ~15!

and Poisson’s equation can be written as

¹W •EW 1524pene11 4pQd1nd0 . ~16!

Equations~1! and ~13!–~16!, together with the equation o
statePe15ne1Te , form a closed set and will be used to stud
the longitudinal plasma oscillations. Considering all the p
turbed quantities to vary like exp@2i(vt2kW•xW)#, the follwing
dispersion relation can be obtained:

F ~v1 ibe0!
22k2Vte

2 2vpe
2 S 11 i

be0

v D 2 ibe0kW•VW e0G
5G~v!Fvpe

2

v
2kW•VW e02v̄2 ibe0G , ~17!
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where, v̄5v2 ibe0. vpe
2 5 4pe2ne0 /me and Vte

2 5Te /me

are the electron plasma frequency and the thermal velo
respectively.G(v) is given by

G~v!5

1

A2p
S a

lDe
D vpe

v

11 i
1

A2p
S a

lDe
Dvpe

v

be0 . ~18!

First, consider the case in which there is no streaming,
Ve05 0,

~v1 ibe0!
25~k2Vte

2 1vpe
2 !1 i

vpe
2 be0

v1 ia
, ~19!

wherea5(1/A2p)(a/lDe)vpe andlDe is the electron De-
bye length. Equation~19! is obtained by considering
a,be0!v and retaining terms only up to first order ina and
be0 on the right-hand side of the equation. Before analyz
Eq. ~19! further, we first estimate the values of the para
etersa and be0. The magnitude of the equilibrium grai
chargeQd052eZd can be found from the wll-known rela
tion @16#

exp~2z!5S 11P

At
DAme

mi
~t1z!.

Herez5e2Zd /aTe andt5Te /Ti . The parameterP signifies
the ratio between the dust space-charge density and
electron space-charge density.P can be estimated from
the relation of equibrium number densities, i.
ni05ne01Zdnd05ne0(11P). The attachment fre-
quency be0, using Ref. @12#, can be found to be
be05(1/A2p)(vpi

2 a/VTi)P(t1z). Herevpi andVTi repre-
sent the ion plasma frequency and the thermal velocity
spectively. As an example, similar to Ref.@13#, we consider
the case of a hydrogen plasma withTe5 10Ti5 1 eV,
ne05 0.9ni05 1012 cm23, and a5 1 mM. For this casez
can be estimated to be 1.8. From this one can estim
a/vpe; 1021 andbe0 /vpe; 1021. This is consistent with
the assumptiona,be0!v;vpe .

The terms withbe0 on the left-hand side of Eq.~19! arise
due to their presence in the number continuity equation
in the equation of motion of the electrons. In the absence
be0 terms on the left-hand side of Eq.~19!, it is similar to the
dispersion relation of longitudinal oscillations obtained
Ref. @14# and describe unstable mode. Equation~19! is a
cubic equation inv and can be solved analytically; howeve
the form of the solution is very complicated. It is instructiv
to solve it perturbatively by writingv.v01v1 with
v0@v1 and retaining the terms up to first order inv1 and
be0. Thus, from Eq.~19! one may obtain

v056A~k2Vte
2 1vpe

2 !, ~20!

v152 ibe01 i
be0

2

vpe
2

k2Vte
2 1vpe

2 . ~21!
y,
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-
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The first term on the right-hand side of Eq.~21! describes the
damping of plasma oscillations and arises due to the p
ence ofbe0 terms in Eqs.~1! and ~15!. For instance, when
there is no term with an attachment frequency in Eqs.~1! and
~15!, the first term on the right-hand side of Eq.~21! is ab-
sent. In this case, Eq.~21! describes the instability of the
plasma oscillations and the growth rate that one obtain
exactly the same as that in Ref.@13# using the kinetic theory
approach. However, it should be emphasized that, using
equations of self-consistent charge dynamics, one can
consistently neglect the2 ibe0 term from Eq.~21!. Since
vpe
2 /(k2Vte

2 1vpe
2 )< 1, the second term on the right-han

side of Eq.~21! is always less than the first term and ther
fore the longitudinal waves are damped. It ought to be m
tioned that in Ref.@9# longitudinal plasma oscillations wer
studied by treating the grain charge dynamics in anad hoc
fashion and the damping of plasma oscillations was fou
But in this work it is assumed that the grain charge variat
is essentially driven by a thermally equilibrated electr
number density. However, in the presence of an elect
plasma oscillation such an assumption may not be justifi

Thus all the models of a charge varying dusty plas
without having charging frequency terms in the electron d
namical equation predict the instability in longitudin
plasma oscillations. The reason for this instability may be
following: The total number of electrons is conserved as
number continuity equation does not contain any term w
the charging frequency. Thus the electric-field fluctuatio
produced by the grain charge variation is not due to the nu
ber of electrons lost or gained from it. Since electron dens
fluctuatons drive grain charge fluctuations, the phase of
electric field generated by the grain charge variation is
same as that due to electron density fluctuations. Such
electric field can accelerate the electron and provide a so
of free energy. The net charge in such a system is not c
served. However, when one considers the low-frequency
sponse of a dusty plasma, the quasineutrality condition d
not allow such an electric field to be created. Therefore
the low-frequency regime, where the quasineutrality con
tion is respected, the models that treat the dust charge
namics in anad hocfashion do not give any such instabilit
@8–10#. However, the inclusion of the self-consistent char
dynamics can strongly modify the instability and the wa
spectra@7,11,15#.

But, in a realistic situation, as the electrons take part
the charging process, their number is not conserved. M
over, they lose their momentum in charging the dust gra
In this process the electrons lose more energy than the
ergy they build up in the form of the dust electric field. Th
electric field then does not provide a source of the free
ergy. These features of the charging process are include
the self-consistent grain charge dynamics@15#. Therefore,
the models that contain the charging frequency terms in
electron dynamics, including the present one, do not give
such instability@11,12#. However, if the electrons taking pa
in the charging process are externally compensated so
their number is conserved and their momentum is unaffec
then such an instability might occur. But, this will violate th
charge conservation and the reason for the instability is
same as above.
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Next, the charging frequency in a dusty plasma can
higher than the collision frequencies by the other collis
process@11#. Therefore, the damping caused by the charg
process gives the most dominant contribution as compare
other collisional processes. However, the Landau damp
can also be operative on longitudinal plasma oscillations
the damping frequency for it is given by

GL52vpe

Ap

A2k3le
3
expS 2

3

2
2

1

k2le
2D .

In order to have a significant contribution by the dampi
due to the charging process, the following conditi
uv1u.uGLu must be satisfied. For the example given abo
one can find that for 0<klDe,0.4 the damping due to th
charging process can dominate over the Landau dampin

Finally, consider the case when there is a nonzero elec
streaming velocity. The perturbative solution of Eq.~17! can
be obtained as before and is given by

v05kW•Ve0
W6vL ~22!

and
o-

s

A

es

ac
e

g
to
g
d

,

.
on

v152 i
be0v0

v02kW•VW e0

1 i
be0vpe

2

2v0~v02kW•VW e0!

1 i
3be0kW•Ve0

W

2~v02kW•Ve0
W !

, ~23!

wherevL5Avpe
2 1k2Vte

2 . In the absence of any streamin
velocity Eq.~23! reduces to Eq.~21! and describes the damp
ing of the longitudinal plasma oscillations in a dusty plasm
For v05kW•Ve0

W2vL andvL;vpe , Eq. ~23! gives the un-
stable mode when (2vL1A9vL

224vpe
2 )/2,kW•VW e0,vL .

For the other root of Eq.~22!, i.e., v0,5kW•VW e01vL , the
instability occurs when 2kW•Ve0

W,vL2A9vL
224vpe

2 or
2kW•VW e0.vL1A9vL

224vpe
2 . This instability is driven by the

coupling of the attachment frequency and the streaming
locity and may have a similar origin as that discussed
Refs.@10# and @15#.

In conclusion, I have studied longitudinal plasma oscil
tions by using the equations of self-consistent grain cha
variations. In the absence of the charging frequency term
the electron dynamical equations, we have reproduced
results of the previous researchers indicating the instab
of the oscillations. In addition, the reason for such instabi
is explained. It is demonstrated that the instability of lon
tudinal plasma oscillations disappears when self-consis
grain charge dynamics is taken into account. Furtherm
the present work shows that the use ofad hoc ~not self-
consistent! charge dyanmics can lead to qualitatively inco
rect results. Also, the case of nonzero electron stream
velocity in the stationary dust and ion background is studi
on-
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